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ISOMETRIES BETWEEN THE SPACES OF
L1 HOLOMORPHIC QUADRATIC DIFFERENTIALS
ON RIEMANN SURFACES OF FINITE TYPE
CLIFFORD J. EARLE and V. MARKOVIC
Abstract
By applying the methods of V. Markovic [7] to the special case of Riemann surfaces
of finite type, we obtain a transparent new proof of a classical result about isometries
between the spaces of L1 holomorphic quadratic differentials on such surfaces.
1. Introduction
It was already known to S. Banach that if 1 ≤ p <∞ and p 6= 2, then every isometry
of L p([0, 1],R) into itself has the form f 7→ ( f ◦ ψ)× h, where h ∈ L p([0, 1],R)
and ψ is a Borel measurable map of [0, 1] into itself. (See [1, Chapter 11, §5] or, for
more details, [10, Chapter 15, §7 ]; for an analogous result in more general L p-spaces,
see [6].)
More recently, there has been considerable interest in studying the isometries of
various subspaces of L p. The following very general result about C-linear isometries
between finite-dimensional subspaces of complex L p-spaces was proved by W. Rudin
in [11], where it is used to determine the isometries of certain H p-spaces.
PROPOSITION 1 (Rudin [11, Theorem 1])
Assume that 0 < p < ∞ and that p is not an even integer. Let µ and ν be finite
positive measures on the sets X and Y . Let k be a positive integer, and let f1, . . . , fk
in L p(µ,C) and g1, . . . , gk in L p(ν,C) satisfy∫
X
∣∣∣1 + k∑
j=1
λ j f j
∣∣∣p dµ = ∫
Y
∣∣∣1 + k∑
j=1
λ j g j
∣∣∣p dν for all (λ1, . . . , λk) in Ck . (1)
If F = ( f1, . . . , fk) and G = (g1, . . . , gk), then the maps F : X → Ck and
G : Y → Ck satisfy
µ
(
F−1(E)
) = ν(G−1(E)) for every Borel set E in Ck . (2)
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434 EARLE and MARKOVIC
In [7] V. Markovic used the p = 1 case of Proposition 1 to show that in general
every surjective C-linear isometry between the spaces of L1 holomorphic quadratic
differentials on Riemann surfaces X and Y is related to a bijective holomorphic map
between X and Y . A precise statement of this result, together with some background
information and definitions, is given in §2.
In the general case considered in [7], applying Proposition 1 is not a straightfor-
ward task. Equation (2) is needed for every positive value of k, and it leads only to
a biholomorphic map between open sets of full measure in X and Y . Extending this
map to a biholomorphic map between X and Y requires considerable effort (see [7]).
In this paper we apply the methods of [7] to Riemann surfaces of finite type. We
do this for two reasons. First, the resulting proof is shorter than the previously known
proofs of this classical special case. Second, the methods of [7] become transparent
in this setting. As we shall see, a single application of (2) leads to the required map
between X and Y , with no need for analytic continuation.
2. Definitions and statement of Theorem 1
Let X be a Riemann surface. Recall that a quadratic differential on X is a tensor
ϕ whose restriction to the domain U of any coordinate chart z has the form f dz2,
where f is a measurable function on U . If all these functions f are meromorphic (or
holomorphic), ϕ is said to be meromorphic (or holomorphic).
For any quadratic differential ϕ on X , we denote by |ϕ| the differential 2-form
on X that equals | f |dx dy in U if ϕ equals f dz2 there. We say ϕ is integrable if its
L1-norm
‖ϕ‖ =
∫∫
X
|ϕ|
is finite. With the L1-norm, the space of integrable quadratic differentials on X be-
comes a complex Banach space, and the integrable holomorphic quadratic differen-
tials form a closed subspace that we denote by Q(X).
Let ϕ be a quadratic differential on X , and let h : Y → X be a holomorphic map
of a Riemann surface Y into X . By definition, the pullback of ϕ by h is the quadratic
differential h∗(ϕ) on Y that equals ( f ◦ h)(d(z ◦ h))2 in h−1(U ) whenever ϕ equals
f dz2 in U (⊂ X).
If the holomorphic map h : Y → X is bijective, then h∗(ϕ) ∈ Q(Y ) for all ϕ in
Q(X), and the map
ϕ 7→ h∗(ϕ), ϕ in Q(X),
is a C-linear isometry of Q(X) onto Q(Y ). It is shown in Markovic [7] that almost all
surjective C-linear isometries between spaces Q(X) and Q(Y ) are essentially of that
form. A precise statement requires two additional definitions.
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We say that the Riemann surface X has finite type if there are a compact Riemann
surface X̂ and a finite subset E of X̂ such that X is conformally equivalent to X̂ \ E .
If X is such a surface, the genus g of X̂ and the number n (≥ 0) of points in E are
determined by X . We say that the type of X is exceptional if 2g + n ≤ 4.
Now we can give a precise statement of the main theorem of [7].
PROPOSITION 2 (see Markovic [7, Theorem 1.1])
Let X and Y be Riemann surfaces that are not of exceptional finite type, and let
T : Q(X)→ Q(Y ) be a surjective C-linear isometry. There are a bijective holomor-
phic map h : Y → X and a complex number c such that |c| = 1 and T (ϕ) = c h∗(ϕ)
for all ϕ in Q(X).
Special cases of Proposition 2 were proved some time ago (see, e.g., H. Royden [9]
and N. Lakic [5]), but the method of proof in [7] is quite different. We use it here to
give a simple new proof of the following special case of Proposition 2, first proved in
C. Earle and I. Kra [3].
THEOREM 1
Suppose that X and Y are Riemann surfaces of nonexceptional finite type and that
T : Q(X)→ Q(Y ) is a surjective C-linear isometry. There are a bijective holomor-
phic map h : Y → X and a complex number c such that |c| = 1 and
T (ϕ) = c h∗(ϕ) for all ϕ in Q(X). (3)
Our proof of Theorem 1 is given in §4, where we also compare it with the proof in [3]
(see the closing remark).
3. Some projective embeddings of compact Riemann surfaces
Our proof requires some classical results from the theory of compact Riemann sur-
faces, which we review in this section for the reader’s convenience.
Let X̂ be a compact Riemann surface of genus g ≥ 0, and let E be a finite,
possibly empty, subset of X̂ which contains exactly n ≥ 0 points. We assume that
2g + n ≥ 5, so that the Riemann surface X = X̂ \ E has nonexceptional finite type.
Each ϕ in the vector space Q(X) can be regarded as a quadratic differential on X̂
which is holomorphic except for isolated singularities at the points of E . The integra-
bility of |ϕ| implies that these singularities are either removable or simple poles (see
S. Nag [8, §14.13]), so Q(X) is the vector space of meromorphic quadratic differen-
tials on X̂ whose poles (if any) are simple and belong to E .
PROPOSITION 3
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If X = X̂ \ E as above, then dim(Q(X)) = 3g − 3 + n ≥ 2. If x ∈ E, then some ϕ
in Q(X) has a pole at x.
Proof
This well-known result follows readily from O. Forster [4, Theorems 17.16, 17.19].
To see this, we use some classical machinery that can be found conveniently in [4,
§§16, 17].
By definition, a divisor on X̂ is a function D : X̂ → Z such that D(x) 6= 0 for
only finitely many points x in X̂ . If D is a divisor on X̂ , its degree is the number
deg(D) =
∑
x∈X̂
D(x).
For example, the characteristic function χE of E is a divisor on X̂ of degree n.
If α is a meromorphic function, one-form, or quadratic differential on X̂ and x is
a point of X̂ , we define the order of α at x to be
ordx (α) =

0 if α is holomorphic and nonzero at x,
k if α has a zero of order k at x,
−k if α has a pole of order k at x,
+∞ if α is identically zero on X̂ .
We say that α is trivial if it is identically zero on X̂ . If α is nontrivial, then the map
x 7→ ordx (α) is a divisor on X̂ , called the divisor of α and denoted by (α).
Let M (X̂) be the field of meromorphic functions on X̂ . For any divisor D on
X̂ , we define OD(X̂) to be the complex vector space of all the functions in M (X̂)
(including the zero function) that are multiples of the divisor −D :
OD(X̂) =
{ f ∈M (X̂) : ordx ( f ) ≥ −D(x) for all x in X̂}.
Now we can proceed. Let ω be a nontrivial meromorphic one-form on X̂ . Con-
sider the divisor D = 2(ω)+ χE on X̂ . The space Q(X) obviously consists precisely
of the meromorphic quadratic differentials ϕ = f ω2 such that f ∈ OD(X̂).
The divisor of ω has degree 2g − 2, so D = 2(ω) + χE has degree 4g − 4 + n.
Since 2g + n ≥ 5 by assumption, we have deg(D) ≥ 2g + 1. Consequently, by the
Riemann-Roch theorem and [4, Theorem 17.16],
dim
(Q(X)) = dim (OD(X̂)) = deg(D)+ 1 − g = 3g − 3 + n ≥ g + 2 ≥ 2.
That proves the first assertion of the proposition.
To complete the proof, choose any x in E . Since deg(D) ≥ 2g + 1, we can use
[4, Theorem 17.19] to obtain f in OD(X̂) with ordx ( f ) = −D(x). By the definition
of D, the quadratic differential f ω2 in Q(X) has a simple pole at x .
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Next we discuss projective embeddings of X̂ associated with Q(X). Let k be a pos-
itive integer, and let Pk be the k-dimensional complex projective space. Each point
(z0, . . . , zk) in Ck+1 \ {0} determines a point [(z0, . . . , zk)] in Pk . The formula
pi0(z1, . . . , zk) =
[
(1, z1, . . . , zk)
]
, (z1, . . . , zk) ∈ Ck,
defines a biholomorphic map of Ck onto a dense open subset of Pk .
PROPOSITION 4
Let X = X̂ \ E as above, and let ϕ0, . . . , ϕk be a basis for Q(X). Set f j = ϕ j/ϕ0,
j = 1, . . . , k, and set
X0 = X̂ \
{
x ∈ X̂ : some f j has a pole at x
}
.
Let F : X0 → Ck be the holomorphic map F = ( f1, . . . , fk). There is a (unique)
holomorphic embedding 8 : X̂ → Pk such that
8(x) = pi0
(
F(x)
) for all x in X0. (4)
Proof
This result is a special case of [4, Theorem 17.22]. To see this, we consider the di-
visor D = (ϕ0) + χE on X̂ . Obviously, Q(X) is the set of meromorphic quadratic
differentials ϕ = f ϕ0 such that f ∈ OD(X̂).
Again we have deg(D) ≥ 2g + 1. Since the functions 1, f1, . . . , fk are a basis
for OD(X̂), we can use [4, Theorem 17.22] to conclude that the map
x 7→ [(1, f1(x), . . . , fk(x))], x ∈ X̂ ,
when interpreted appropriately at the poles of the f j , defines a holomorphic embed-
ding of X̂ in Pk .
COROLLARY 1
The map F defined in Proposition 4 is a homeomorphism of X0 onto a closed subset
of Ck .
Proof
Since F is holomorphic on X0, it is continuous. Since 8−1 ◦ pi0 ◦ F is the identity
map of X0 to itself, F is a homeomorphism.
To see that F(X0) is a closed set, consider a sequence (xn) in X0 such that F(xn)
converges to a point z = (z1, . . . , zk) in Ck . We may assume that xn converges to
some point x̂ in X̂ . Then f j (̂x) = z j 6= ∞, j = 1, . . . , k, so x̂ belongs to X0 and
z = F (̂x).
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4. Proof of Theorem 1
We may assume that the given Riemann surfaces X and Y are the complements of
finite sets in compact Riemann surfaces X̂ and Ŷ , respectively. We do not assume that
X̂ and Ŷ have the same genus.
Let ϕ0, . . . , ϕk be a basis for Q(X), and define X0 and the map F = ( f1, . . . , fk)
as in Proposition 4.
Set ψ j = T (ϕ j ), j = 0, . . . , k. Since T : Q(X)→ Q(Y ) is a surjective C-linear
isometry, ψ0, . . . , ψk is a basis for Q(Y ). Set g j = ψ j/ψ0, j = 1, . . . , k, and set
Y0 = Ŷ \
{
y ∈ Ŷ : some g j has a pole at y
}
.
Let G : Y0 → Ck be the holomorphic map G = (g1, . . . , gk). By Proposition 4, there
is a holomorphic embedding 9 : Ŷ → Pk such that 9 = pi0 ◦ G on Y0.
Let µ and ν be the finite positive Borel measures on X0 and Y0 defined by
µ(A) =
∫∫
A
|ϕ0| and ν(B) =
∫∫
B
|ψ0|
for all Borel sets A in X0 and B in Y0. Since T is a C-linear isometry, we have∫∫
X0
∣∣∣1 + k∑
j=1
λ j f j
∣∣∣ dµ = ∫∫
X
∣∣∣ϕ0 + k∑
j=1
λ jϕ j
∣∣∣
=
∫∫
Y
∣∣∣ψ0 + k∑
j=1
λ jψ j
∣∣∣ = ∫∫
Y0
∣∣∣1 + k∑
j=1
λ j g j
∣∣∣ dν
for all (λ1, . . . , λk) in Ck . Therefore, by Proposition 1, maps F and G and measures
µ and ν satisfy Rudin’s equimeasurabilty condition (2). Applying (2) to the closed
subset F(X0) of Ck , we obtain
‖ϕ0‖ =
∫∫
X0
|ϕ0| = µ(X0) = ν
(
G−1(F(X0))
)
=
∫∫
G−1(F(X0))
|ψ0| ≤
∫∫
Y0
|ψ0| = ‖ψ0‖. (5)
Since ‖ψ0‖ = ‖ϕ0‖, the weak inequality in (5) is an equality, and G−1(F(X0))
has full measure in Y0. Since it is a closed subset of Y0, G−1(F(X0)) equals Y0, and
G(Y0) is contained in F(X0).
Similarly, by applying (2) to the set G(Y0), we find that F(X0) is a subset of
G(Y0). Therefore the sets F(X0) and G(Y0) are equal, and so are their images under
the map pi0 from Ck to Pk . Now pi0(F(X0)) = 8(X0) is dense in the compact set
8(X̂), and pi0(G(Y0)) is dense in the compact set 9(Ŷ ), so the sets 8(X̂) and 9(Ŷ )
are equal.
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Let h : Ŷ → X̂ be the bijective holomorphic map8−1 ◦9. The restriction of h to
Y0 satisfies F ◦ h = G and h(Y0) = X0. From the definitions of F and G, we obtain
T (ϕ j )
T (ϕ0)
= ψ j
ψ0
= g j = f j ◦ h = ϕ j
ϕ0
◦ h = h
∗(ϕ j )
h∗(ϕ0)
, j = 1, . . . , k,
so
T (ϕ)
T (ϕ0)
= h
∗(ϕ)
h∗(ϕ0)
for all ϕ in Q(X). (6)
Let K be any compact set in Y0. Applying equation (2) to the compact set G(K )
in Ck , we find that∫∫
K
|T (ϕ0)| =
∫∫
K
|ψ0| = ν(K ) = µ
(
h(K )
) = ∫∫
h(K )
|ϕ0| =
∫∫
K
|h∗(ϕ0)|.
Since K is arbitrary, we must have |T (ϕ0)| = |h∗(ϕ0)| in Y0 and hence in all of Ŷ .
Therefore T (ϕ0) = eiθh∗(ϕ0) for some real number θ , and (6) becomes
T (ϕ) = eiθh∗(ϕ) for all ϕ in Q(X). (7)
To complete the proof, we must show that h(Y ) = X . By Proposition 3, Y is the
set of points in Ŷ where every T (ϕ) is finite, and h−1(X) is the set of points in Ŷ
where every h∗(ϕ) is finite. Equation (7) says that these sets coincide.
Remark. It is shown in [3] that if X and Y have nonexceptional finite type, then any
surjective R-linear isometry from Q(X) to Q(Y ) is either C-linear or C-antilinear
(and can therefore be described readily by using Theorem 1). That result is proved
by Royden’s method of analysing the shape of the unit spheres. The same method is
used in [2] and [3] to obtain our Theorem 1. The simpler method we use here does not
appear to handle the R-linear case. The surjective R-linear isometries between Q(X)
and Q(Y ) for general Riemann surfaces have not yet been classified.
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